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Abstract. The concepts of vector fields and forms along a map are used to establish a
condition characterising symmetries of the Hamiltonian system associated with a regular
Lagrangian. This condition does not mention any second-order differential equation field
but is expressed in terms of the geometry of the second-order tangent bundle. This result is
also generalised to the case of Lagrangian functions depending on higher-order derivatives.

1. Introduction and notation

The geometric study of Noether’s theorem has contributed greatly to a better under-
standing of the theorem itself. The Lagrangian approach to this study is a particular
case of a more general situation, i.e. symmetries of Hamiltonian systems, in which the
infinitesimal symmetries of the Hamiltonian system defined by a regular Lagrangian L
are characterised by symmetries of the Lagrangian L. More specifically, if X € X(M),
its complete lift X¢ € X(TM) satisfies Ly.w; = wy., and Ly.E, = Ey., (where
w,; =—db,, 0, =dL oS and § is the vertical endomorphism on TM (Crampin 1981}))
and therefore X is a symmetry of the Hamiltonian system (T'M,w,, E;) if and only
if there exists a closed form « € /\](M) such that X°L = & (with & € C*(TM) being
defined by 4(q,v) = a,(v) for (g,v) € TM). In this case, if « = dh, the function
G =1"h—i,.0, is a constant of motion, where 7 is the tangent bundle projection.

In a recent paper Marmo and Mukunda (1986) provided a characterisation of all
symmetries of (TM, w,, E,), not only complete lifts, in terms of properties of L, by using
the set X, = {X € X(TM)|S([X,D]) = 0} of Newtonoid vector fields with respect
to a second-order differential equation (SODE) D and the projection n,: X(TM) — X,
given by n,(X) = X(D) = X + S([D, X]). In local coordinates, if the vector field X is
written X = y'¢/éq" + &'¢/0v', then X (D) = n'é/éq' + (Dn')é/8v'. Their results can be
summarised as follows.

Theorem. Let L € C*(TM) be a regular Lagrangian. If X € X(T M) is such that there
exists a function F € C*(T M) satisfying

Lyl =ZLpF for any SODE D 03]
then G = iy0, — F is a constant of motion. Moreover, if I" is the dynamical vector
field, then £y o, =0and Ly E, =0,ie X(I) is a symmetry of the Hamiltonian
dynamical system (TM,w,, E;). Conversely, if X is a symmetry of (T'M,w,,E,), then
X = X (I') and there exists a function F € ¥(TM) such that (1) holds.
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Of course, the simplest case is when X is a complete lift X = Y° with ¥ € X(M),
because then X(D) = X for any SODE D, and F reduces to the pull-back t*h of a
function h on the base M.

The point to be remarked is that a vector field X can only be a symmetry of
(TM,w,,E,) if it is in X[ and then its vertical components &' are determined by the
other ones, namely ¢’ = I'’. If X, —X, is vertical, X, (D) = X,(D), and therefore it is not
a specific X but an equivalence class ‘up to a vertical field” which is playing the relevant
role in establishing the constant of the motion. This is better displayed by means of
the concept of section along a map, which has also been used recently (Gracia and
Pons 1989) for an alternative geometric interpretation of the time-evolution operator
for singular Lagrangians (Carifiena and Lopez 1987), that we introduce in the next
section.

We will make use of the theory of higher-order tangent bundles, and we generally
follow the notation of the paper by Crampin et al (1986): 7,,;: T*M — T'M are the
bundle projections, T is the map given the total time derivative dyw, f(, are the
functions given by

n

d
fw(@ = 55{f o0}

t=0

for Q € T*M and ¢ a representative of Q, etc. We will also make use of the theory of
p-derivations (see Pidello and Tulczyjew 1987).

2, Sections along a map

Let n:E - M be a fibre bundle, f:N —» M a C*-differentiable map and denote
f*E the pull-back of the bundle E by the map f. By a section of E along the map
f (or over f) we mean a C*-map o:N — E such that rog = f. There exists a
one-to-one canonical correspondence between the set of sections along f and sections
of the bundle f*E over N. Moreover, if E is a vector bundle, then both sets can be
endowed with C*(N)-module structures and this correspondence is an isomorphism of
C*(N)-modules. For details, see e.g. Poor (1981). The most important cases for our
proposals are when the vector bundle is either TM or (T*M)™, (T*M)®? @ (TM)®4, or
something similar, and the sections along f are then said to be vector fields, p-forms or
(p. q)-type tensor fields along f, and will be denoted X(f), A’(f) or TP(f), respectively.

Two special instances of vector fields over f are the restriction of a vector field
X € X(M) to f(N) obtained by composition of f:N - M and X:M — TM (usually
denoted X o f), and the image of a vector field ¥ € X(N) under f, denoted f, o Y and
given by (f. o Y)(n) = f,,(Y(n)). The more traditional concept of vector field in M
arises here as a vector field along the identity map in the base M, ie. ¥(M) = X(id,,),
and in a similar way, A’(M) = AP(id,,) and TP (M) = TP(id,,).

The set of vector fields over f is endowed with a C*(N)-module structure: they can
be added to each other and multiplied by C*(N) functions and in particular, if (¥7,z)
and (%, x) are charts in N and M, respectively, such that f(¥") < %, X is a vector field
along f and n € ¥7, the expression of X, in these coordinates is

2
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so that every vector field X along f can be written as a linear combination

x=¢(Ler) @

with functions in C*(N) as coefficients. In the same way a p-form « along f has a
local expression

&= ail“.ir,(dxil of)A A (dxi" of) 3)

where o, , € C*(N). Moreover, X(f) and A'(f) are dual moduli by means of the
pairing (X, «)(n) = (X, «,). We sometimes put ¢(X) = (X, ).

It has been shown by Pidello and Tulczyjew (1987) that a vector field X along f
determines two f*-derivations of scalar forms on M: one of type i, and degree —1,
denoted iy, and other of type d., denoted dy. If g: P — N is another differentiable
map, then

g oiy =iy, and g ody =dy,,. 4)

In the following we will be concerned with cases in which f are the natural
projections 1, : T'M — T*M, for k and | non-negative integer numbers such that I > k
and particularly the case | = k + 1. We recall (Crampin et al 1986) that there is a
natural map

TR . THIM S T(TFM) (5)

where if 0 € T*"'M then T™(Q) is the vector at 7,,,,(Q) tangent to the curve
p¥:1 = R — T*M lifted from a curve p:/ = R = M in the equivalence class defining

Q. This map can also be considered as a vector field along t,,,, according to the
preceding definition.

3. Liftings of vector fields along projections

Let X be a vector field along 7, . For every k > 0 there exists one vector field denoted
X'™ over 1, , such that

tk—1} _ k
X © Thprse = Tohorn © XY 6)
and satisfies
de o dTlAAli = dT“" o dxufn (7)

where, for k=1, X = x.
We will give an explicit constructio_n of such vector field. Let us choose X € X(TM)
a vector field on TM such that 1,5, 0X = X. For every @ € T**'M, let p be a curve in

M representative of Q and p* the lifted curve in T*M. Then the map y: % < R* - M
defined by

1(s,t) = (t 90 @, 0 pH)(1)
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where ¢ is the flow of X, can be used to determine a vector X g‘ ) tangent to T*M.
More specifically, for any real number s, the curve in M, y.(¢) = x(s,t), defines a point
in T"M. As a function of the parameter s we obtain a curve in T*M whose tangent
vector for s = 0 is the above-mentioned vector Xg".

This tangent vector does not depend either on the vector field X, or on the choice
of the curve representative p of Q. A straightforward calculation shows that for any
function f € C*(M)and n=0,..., k

An

¢
) —
crn ) 011110.0) T ) Op}lx=o ®
and
’jn-&-l dn :
_ < =11
ésért e 1}1(0.0) dr (X el ©)

We can see from (8) that X’Qk’ is tangent to T*M at the point 7, ,(Q), so that the map
X%:0 Xg’ is a vector field along 7, ,,,. Now (9) shows that

dVl

(k)
XQ frn) T

(xfopy| (10)

1=l

and from the definition of T* we have

X‘k)f(n) = (dyw o odpu)dyf) (1

which implies (6) and (7).

Since two vector fields agreeing over functions of the type [ must be equal, we
can conclude that X% is uniquely defined.

In the particular case of X being the restriction of a vector field ¥ € X(M),
X =Y o1, the vector field X* reduces to the restriction of the complete lift Y% €
X(T*M), namely X' = Y% o7, .. This is the reason why we call X*) € X(z,,, ) the
generalised complete Iift of X € X(t, ).

If the coordinate expression for X is

if €.
Yot (o) -

then the corresponding expression for X ' is

k
, .
k
X4 =gt <ali_; °fk+1.k> (13)

n=0

where i) = 7,1 0\ (dyw o o dpa)n', for n=1,..., k. and njy = 1, "1,
Property (7) is equivalent to

fx(k~la o d’rm - dTu—n ] ixm = O (14)
because both terms vanish on C*(T*M), while on exact forms: dF € A(T*M),

i[\’(k-il o4 dT(k)dF - d’[‘lk~1l o ixikrdF = (ixrlwll o d &) d’]"(h - dT(LHr o iX”" (o] d)F
= (dXUw]i o dT"‘ —_ dT|k+|| o dX”")f =0. (15)
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Semibasic forms can be identified with forms along the projection map. We
consider only the projection 1, but the same is true for the other ones. For instance

if x € A'(TM) is semibasic then the associated % € /\1(11_0) is defined by
5o (0) = 25"

where Q € TM, v € T, oM and ¢! € TQ(TM) is such that ‘ELO,QUT = p. This fact
implies that if X € X(t, ) and X € X¥(t,,) are such that 7, o X = X o1,, then

g =1y, %(X). (16)
As a consequence we have that for all X € X(1,) and 2 € ANTM)

dpon (3(X)) = (dgu2) ¥ (X") amn
which will be used later on. Indeed,

T35 dp 3(X) = dpo Ty, &(X) = dpoiynd = iyadpod
and as dp.,2 is semibasic over TM we can put iy dpod = 13, (dpn o)V (X "), Since the
map 15, is a submersion it follows that (17) holds.
4. Second-order differential equations
There are two alternative but equivalent geometrical interpretations for a time-
independent second-order differential equation in M. It can be seen either as a
special vector field I' € X(TM) projecting on T'9:

try 0l =TO (18)
or as a section y: TM — T*M for 1,,. The relation between I' and y is given by

r=7"o" (19)
or in an equivalent way by

Lr=7"odq (20)

as operators on A\(TM).
From (18) we see that for any function f € C*(M) and any SODE T,

dT(U»f = yr(flho'f). (21)

On the other hand, the set X of vector fields (Marmo and Mukunda 1986, Sarlet
1987, Carifiena et al 1989b), as well as other related sets, has been shown to play a
relevant role in both the study of symmetries of I' and the analysis of the so-called
inverse problem of Lagrangian mechanics. Essentially, the vector fields in the set X
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are those vector fields in 7M preserving the second-order character of I'. We are now
going to analyse the relation of this set to the generalised complete lifts defined above.
There exists a one-to-one correspondence betwen X(r, o) and X, given by

Iy : X(t)9) — ¥

X— XYooy (22)

whose inverse is the restriction 1,4, % of 1,4, onto Xp. Let X be a vector field along
1,0 and y the section of 7, associated to I'. Then, since for any Q € TM the tangent
vector X““Q) is in T,TM, we have that X'V o is a vector field in TM. Moreover, this
vector field projects on X:

Te0XVoy=Xor0y=X (23)

which shows that 7, g, oI = id%(z . Then, bearing in mind (19), (21) and (7) we have
that, for f € C* (M),
[y © dpo — dpun 0 dyo)f] (2(Q)) = X5, (TOf) = Tl (X f)

= (XM 0y)g(T(r4"f) =T (X o) 1.o’f))

=[X" oy, T(t;"f) (24)
vanishes or, written in a different but equivalent way, S([[', X (I'}]) = 0, i.e. the condition
for X' oy to be in X

In order to see that 1'1.0,,>£ is the inverse of I, let Y be a vector field in X and
r

denote X =1, 0Y € X(1,7). Then by (23) we have

XS =Xof =Yof (25)

so that X' oy — Y is a vertical vector field. Since both, X' o7 and Y, are in X[ they
must be equal.

5. Noether’s theorem

Let L be a regular Lagrangian in TM. The Euler-Lagrange equations for this
Lagrangian can be written irw; = dE;, or equivalently #0, —dL = 0, since L is
regular. Alternatively, if 7:TM — T>M is the section corresponding to I' , then the
Euler-Lagrange equations can be written as y*(dpw0; — 1,,"dL) = 0. The 1-form

OL = dqpw0, —15,"dL in T2M is called the Euler-Lagrange 1-form. It is a semibasic
form over M, so that (§L)" is a 1-form along t,,. The Cartan form 6, € /\I(TM) is

also semibasic over M so that 8, is a 1-form over Ty
Let X € X(1,4). We have the following identity:

dyn L = —(3 L)¥(X) + dpu (8, (X)) (26)
which can be proved as follows. Using (7) for k = 1 we obtain

13.2'dx|l|L = dX‘Z’TZ.l*L = iX|2; T2,1*dL-
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Then
T3.2'dxmL = —'ixm (dTlIreL - Tqu'dL) + ix(Z)dTH)HL

= 13," (~BL(X) + dyu (B, (X))

where we have used (17). Then, as 15, is a submersion, (26) follows.
If F € C*(TM) we have

dyw L~ dpo F = —(6 L)Y (X) + dyu (8, (X) — F) (27)
so that if there exist F € C*(TM) such that
deL - dT!llF =0

then the function G = éL (X) — F satisfies dro,G = (6 L)(X); that is, G is a first integral
of I.

Conversely, if G is a constant of the motion given by I', then there will be X € (1, )
such that

dru G = (6 L) (X)
and then, defining F by F = éL(X) — G, it follows from equation (27) that
dyn L —dgyF =0.
These results can be summarised in the following version of Noether’s theorem.

Theorem. Let X be a vector field along 7, and L a regular Lagrangian. If there exists
a function F € C*(T'M) such that

deL = dTmF (28)

then the function G = F — éL(X) is a constant of motion. Conversely if G is a first
integral of the motion given by L, then there exist X € X(r,,) and F € C*(TM) such
that (28) holds.

Condition (28) is equivalent to that of Marmo and Mukunda (1986) but it does
not make reference to any specific SODE which is an important advantage as far as
the possible generalisation to higher-order mechanics and classical field theories is
concerned. Actually, if D is an arbitrary SODE and é denotes the corresponding section
8 :TM — T?M, related by D = 6" o dyu, the d-pull-back of the equation (28) gives

Lyl —FpF =0

and we obtain in this way the condition given in Marmo and Mukunda (1986).
Conversely, if this condition holds for every SODE D, given an arbitrary point Q €
T?M, it is possible to choose a SODE D such that Q = 8(7,,(Q)) and therefore
(dxw L —dyu F)(Q) = 0. This property being true for any Q € T2M, condition (28) is
recovered.
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6. Generalisation to higher-order mechanics

In this section we wish to show how the results obtained in the last section can be
extended to higher-order mechanics. First, we need a generalisation of the construction
of §3 to the case of vector fields along t;, with [ a natural number. The details of
this construction will appear elsewhere (Carifiena et al 1989c); we only say here that
the the liftings X" of a vector field X € ¥(1;) are characterised by the following two
conditions:

X Vo i =T m 0 XY (29)

and
dX'“ o dTu\fu = dT(A-IAH < dxlk-lw (30)
In higher-order mechanics, the Lagrangian is a function on 7%M so that (assuming
that L is regular) the Euler-Lagrange equations define in a unique way a 2k order
ordinary differential equation, that is, a vector field I' € ¥(T%*~'M) projecting on
T2 or alternatively a section y of the bundle 7y, ,: T*M — T*~'M. More
precisely, the Euler-Lagrange equations are ¥r6, — 1y, _,,"dL = 0 or alternatively
7"0L =0 where 6L = dy 1,6, —1,,,"dL. (See Crampin et al (1986) for the details of

the construction of 6, .)

Proposition. Let X be a vector field along 7y, _, . X € X(15_,,). Then the following
property holds:

dyi L = dpon O, (X %) = 13 2 [GD) V(X)) (31)

Proof. Since 6 L = dpu-,8, —1,,,"dL, and using properties (29) and (30), we have

ixukyéL = iX\:Aj [dpzknnyBL — TZk.k*dL]
= iXtZAIdT(EA—I)GL - T4k—l.3k—l'dX“'L

. *
= dTm—z;lX(:A—nBL — Tag—1.3k—1 deL-

Now, taking into account that J L is semibasic over M and 6, is semibasic over T*~'M,
we can put

iXuA.éL = T4k—],2k’(5L)V(X)
and
chA-nQL = T4k~2.3k_2’éL(Xlk7“)
so that
T3kt Ay L — dpoa (B, (X 571)) + Tyciak (OL)Y(X)]} =0

and since 74,3, is a submersion we get the above-mentioned result.
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Let us suppose that there exist a vector field X € X{r,_;,) and a function
F € C*(T*72M) such that

dX(ArL = dTMA—hF-
Then, from (31) we have
dpona [F =0, (XN = =15, 2" [ L)Y (X))

so that there exists a funtion G € C*(T?*~'M) such that 1y_,,_,"G = F — 8, (X *~),
ie. dpa-nG = —(8L)"(X), and composing with 7* we have that G is a constant of the
motion.

Conversely let G € C*(T*~!M) be a constant of the motion. Since dyunG
vanishes along the equations of motion, there will exist a vector field X along t,;,_,
such that dreG = —(8L)Y(X), and then defining F = 8, (X*1) — Ty_22k1 O, the
equation (31) becomes dyw L = dpu-nF.

Then, the generalisation of the above version of Noether’s theorem for these
higher-order Lagrangians is as follows,

Theorem. Let L be a Lagrangian function in T*M and X a vector field along t,_, . If
there exists a function F € C*(T*~2M) such that dy« L = dpo-»F then the function
G € C*(T*"'M) defined by 15,_,5_,"G = F — (X)) is a constant of the motion.
Conversely, given a constant of the motion G € C*(T*~! M) there exists a vector field
X along 1,,_,, and a function F in T3%2M such that dy L = dpus F.

In summary, we have been able to give a generalisation of Noether’s theorem
admitting a converse, by considering as fundamental objects vector fields and forms
along a map, which are seldom found in the physics literature, instead of true vector
fields and forms. The usefulness of these concepts will be shown in a subsequent
paper (Carifiena et al 1989c) where their role in the geometric foundation of clasical
mechanics will be remarked upon.

Noether’s theorem is here presented not only as an academic reformulation of
Marmo and Mukunda (1986) but in such a way that it admits a straightforward
generalisation for higher-order mechanics, as was shown in §6. Furthermore, in the
case of first-order Lagrangians, these concepts are used to establish a one-to-one
correspondence between X (7, ;) and the set X of Newtonoid vector fields for every
second-order differential equation field I' by taking advantage of a twofold geometric
interpretation of the second-order differential equations.

Finally, it is worthy of mention that this theorem is directly generalisable to
classical field theory. There, the role of the canonical vector field T™ is played by the
horizontalisation operator kX!, the total time derivative becomes a total divergence of
a vector field along m; given by d,, (i, Q) = div(X)Q, where Q is a volume form in the
base, and the role of the symplectic structure is played by the multisymplectic structure
defined by the Lagrangian function (see Saunders (1989) and Carifiena et al (1989a)
for the notation).

Acknowledgments

Two of us, EM and CL, thank Ministerio de Educacién y Ciencia and Diputacion

General de Aragon, respectively, for grants. Partial financial support by CICYT is also
acknowledged.



4786 J F Carifiena, C Lopez and E Martinez
References

Carifiena J F, Crampin M and Ibort L A 1989a On the multisymplectic formalism for first order field
theories Preprint Open University

Carifiena J F and Lopez C 1987 Lett. Math. Phys. 14 203

Carifiena J F, Lopez C and Martinez E 1989b Inverse Problems § 691

—— 1989¢ On Noether’s theorem in higher-order Lagrangian mechanics Preprint University of Zaragoza

Crampin M 1981 J. Phys. A: Math. Gen. 14 2567

Crampin M, Sarlet W and Cantrijn F 1986 Math. Proc. Camb. Phil. Soc. 99 565

Gracia X and Pons J M 1989 Lett. Math. Phys. 17 175

Marmo G and Mukunda N 1986 Nuovo Cimento 92 B |

Pidello G and Tulczyjew W M 1987 Ann. Math. Pura Aplicata 147 249

Poor W A 1981 Differential Geometric Structures (New York: McGraw-Hill)

Sarlet W 1987 Proc. Conf. on Differential Geometry and Applications, ( Brno, 1986 ) ed D Krupka and A Suec
(Dordrecht: Reidel) p279

Saunders D J 1989 The Geometry of Jet Bundles (Cambridge: Cambridge University Press)



